
ENGINEERING MATH -II

UNIT 4

INVERSE
LAPLACE
TRANSFORM

Feedbacklcorrectionsivibha@pesu.pes.edu
Vibha Masti



Inverse Lt of standard functions

i. L
-' Itsy -

- k

a L
-' Itn 's t

"

or £!
s- L

-'

f#I = eat

it. L-' f La? = e
-at

s- L
"

(÷,} = eclnb I bet

6. L" f yea) = at sin Cat)

I- L
" I g÷q } = cos Cat)

s - L
-' {g⇒ '

-La sin h lat)

9 . L" {Laa) = cash cat)



tat
lo
. L
"

f @=÷bz) -- eye sonCbt)

h. L
-' f CS 'ta) Eat

¥a¥) = e cos Cbt

←
nth derivative

12 . L
-I { Fn Cs)} = C-n

' th Ht)

13 . L" I ↳? . . f- FCDds - r - dsds} = fat
th

14. L
" (r} = 1% .

. .

fat . - idtdt

hi . L
"

{ s FCS) ) = f 'Lt) iff flo) --O

16 . I
' f I } = Sct)

h. L
-' le-as) = orCt-a)

is. L
-' fests ) = Ulta)

19 .

L
" { e-as Fcs)} = Ht-a) UH-a)



20 - L-I (e-asfca)} = Ht) or Ct -a)

ai
.

L -' l rst) = I
int

ai
.

L
"

Lsts} -
- aft

*
as .

L" (¥a⇒a) -- f sin at dt

-

,

* 23 . L - ' { ¥52) -- fatsuit

24 . L
-'L I = e±att do

rCn)

aid
.
e-
'

I ;¥⇒ . e-
at y properly

26 . L
-'

f s=a÷nb} = etatbet
±at

27 - L" f if = be sin hbt

28 . L
-l l£I÷) = etat cosh bi



IFirstshiftingpropertyofhve.rs
If L

-I f Fcs)) = fct), L
- I f FCS-a) } = eat fCt)

i. L
- ' f ÷ } = e

't

a- L
-'

l⇐ I = I L ftp.3 -
- iz e
"'

←
make co-ef = I

s
.

L
-' f ,:-#I

-
- it til#*

- s¥÷
-
- iz L

-' I stand - z E
'#eat

= Iz sin§Yq -gz cos Gat)

= g- sin (stay
- z cos 13¥)

" L
-

I⇐,) = t
'

5 -
L" I sz¥zo} =L

"

(*÷f} -- e-2ty.net
6 - L

-' { ¥3,3144 =
est@cats + singe)



> . L
- ' f Fs ttf } = It

'
t 4 -- th4

s - L
-'

f# -÷} = e-
't
- zest

9 . L
- '

{ ZITI } = 2 coshtt) t 5g sin cut)

to . L
" (¥+18 I = L

" (¥j.} =gsin St

n. L
"

# t as¥ - ¥21
= e
-2t
tz e-

Et
-uz Est

n e
- ' I::÷. I -

- L
- '

l Iii' I
= 5e-

Zt
cos@t) - iz ettsin 2T

= ett ( 5 cos2T - 6 sin 2T)



"
- L

- ' {÷.s ) --JL
" l }

'IL
-'

f ⇒ I
-

- T E
' les.¥⇐s)

L
"

I ' ⇐¥*s5)
= get" ( cosh↳t) tgif sinh↳ t)
-

-get13 ( cosh ) t I,
sin h Lutz))

IIMethodofpartialfrac.tk#

split the function using the method of partial fractionsand then find its inverse.

Note: ⇐+,÷,
= AFT tuff

cn.ie#-- # t¥ t¥

⇐¥ui, = IIIT t ¥,



no L
- '

lcs.si#stzdcs-ifYsTz--csTT + IT tf
Stl = A CS-12) t B ( s-1) Cst2) t c ( s-IT

when s -- I

2=3A ⇒ A = 2/3

when s-- -z

-I = 9 c ⇒ c -- -Yg

when s -- o

I = 2A -2B tC

I = 4g -2B GI
-2g =

-2B ⇒ B -- 1/9

St l

Test
= ¥÷ t'LL -1/95+2

1- ' L:# +IT IT}



= 3- et t t get GI e
-Zt

is- L
"

I
St l

Eis
= FITBIT Css5+4

Stl = CASTB) Cs't4) t EHDCCSTD)

when s -- i

Iti = CaitB) 03)
comparing real Ee imaginary coefficients

313 = I 3 A = I

B- 43 A= 1/3

when s = Zi

Litt = @CitD) C-3)
comparing real Ee imaginary coefficients

2= - 6C - 3D =/

D= -1/3
(= -43



-

- e
-' f ":E -

'

BEIT's
= ÷ ( cost t sin t) -13 ( cos at +I sin at)

=3 ( cost t sint - cos2T Iz sirs 2E)
16 . L

- ' f.su#ts-- L
"

{suits
-s
)

-

- L
-' I I -

-
ti
'

lasts 's
= I L

"

↳→ef¥-in)
-
-I L

- I f s4 s t l - Cs 2- s tD
Itt)

-

- iz L
" (¥1 -¥+1)

-
- IL

"

Ley¥@h5
- cs¥2e@k5)

-
- La (÷ e

""
sin (Bt) -F,

e-the sin (Bt))



= ⇒sin r⇐) sinhftz)

n. L
" life} =L

"

I s¥**)
=L
"

faaa5)
s

= L
" {Cs42a22as2a2t2aD)

= ¥ L
-I { (2astit2a2)-Cs42a22#(s't Last Lad ( s2-2as +2a

') }
= Ya L

" (szsas¥ -s¥¥a- l
.

= Ta L
" ( cs-a -*a¥ }

-- Ta . at ( eat sin at - e
-at
sin at )

= gas sin at sinhat



is . L
- ' fcsyyf.es# }
Let s2= V

U

Eatas = ¥4 t¥
✓ = A CV -19) t But4)

when V= - 4

- 4 = 5A ⇒ A = -4/5
When v= -9

-9 = -513 ⇒ B = 9/5

=L
- ' LEIF

t.at#3---hfxzsin2ttqxysin3t---2sin2tt3zsin3t



HIMultiplicationbysanddivisionbysi
) L

-t f SFCs)) = f- 'Lt) if flo) = O

where L
-' ( FCS)} -- fct)

In General
,
if flo) -- f' 107 = - -

-
-

- f
"

67=0 ,
then

L
- I Isn Fu)) -- d÷ Ht)

ii ) If L
- ' ( Fcs)} = Ht), then L

- I f.F) -
- offA)dt

L
- ' frigid ) = ftftfutdtdt

"

la. L" {¥1,1 = ft ft L-' f ¥1 dtdt
= & f! Etat at = ft f-e-t]! dt
-
- f! - it + I at = ( e

-t
-it]! -- e-t- let



•. L" I I -- t
'

I s¥ts÷, }
t

-
- f L " 1¥} at t ft ft L " 1¥) at atO

= ft e-stat + got ! 2e-St dt dt
= -east the ft-2,1't at

-
-titty t zig fest - t )
= -E}t +Lg + za est -2g



tIInverseuofDerivat

Lf tfCt)) = -I dqgfcs)

⇒ L" Lady FG) ) -- - tfCt)

or -

f L
- '

{ darts ) ) = flt)

similarly

L
-' fd÷n Fcs) } a C-IT that)

21 . L
- I { bn ( legate) } = fct)

FG) = bn (ska') -lnlsz)

das Fcs) = g2e÷ - ¥
L -I { gtfo)} =

-tfCt)

=L - ' 1,2¥ -33



= 2 cosat - 2 = -tfLt)

.
: fct) =-2¥ cos at tZz

22- L - I f bn (gist) ) -

- fct)

rest -- en ( )
Ms) =

. ) ( +
641764557-Dost'D

rust =
. fast *¥fY)
= 2 s

⇒
- c2

s Cs tD

L
- I { pics) } a 2 cost - L" I ¥ + setts}
= 2 cost - 2e

-t
- ft L -" (¥) at

= 2cost - 2e
-tt e

- t
- I = -tfCt)

f-Ct) = -2cost t e
-t
t t
t



"- L
- ' l←T#.,. ) - L

- '

lest}
= e-a L

"

( IF}
.

Fcs) -

-gate ⇒ ft Cs) -- -2-5
@ 415

=
-e L- ' lift's

L
- ' { darts)) = -tfCt) -- - t L

-I f Fcs)}

= -ez en L
"

I
-2T

-

- g-twist

Note: L
-' f a} -

-fats'mat

Fen -

- star ⇒ F'" -- I÷→r
L " {r} = sin at = tarinat



24
. L

-' f s bn (Et)} = Ht)

Fcs) -- s en (¥, )
darts)

-
- en (Et) t ¥5" l "'# t

' )
f-'Cs) = ln (SIT) t set - SIT

L
" { F 'CS)) = -tfLt)

L
-' Ibn l ) ) + L -' ( X '# X ' set}

= It L
-' KITH "# t it') }

= -I L
- ' I set It L

-' Lst e#is
= -¥ ( et - e

-t

) + et e e
-t

-
- facet - e

-t ) -

f cette
-t)

= if sinht
-

¥ cosht

= ¥( sinht - taesht)



25. L - ' f tan-' CE))
= -¥ L

- ' I ¥÷
,

I = IT L
-' f star}

= -¥ sin 2T

26 . L -I { cot -I (say)) = f-Ct)

L
- ' f F 'l s) } -

-
-tfCt)

e- ' Irish -- I
"

I÷j%st I
-

- L
" I cs.is#a}

fct) =.

It e-
bit
sin at

27 . L
-' f tank' (E)}

-
-
-

I L
" I ,÷e . 2 -GI }



-

- tf L
"

I s÷)
= ¥ sinhKt)

28 - L" I ¥y . ) -- L
" KITH ))

= -z L
-' l 's I

= -z e
-' t's ads (¥73

= -I ftL-' lady ¥a } dt
=
-

iz ft -ta sin at dt -- za & thisatdtr
.
.

- angu-- t

du --at oh = sin at dt

= Ia L - tuesaat + f!cosaatdtgot
-
-za ftuaaat t sina.it J !
- Laa (- atcosat this at)



ITnverseltoftntegrablfff.tt} = Treads
S

⇒ L
-I { Trends} -

-HII
S

A

29- L
-' f §so÷ds ) -- ¥ sin at

30
. L

-' { f?⇒a. - seeds} -- f- ( cosat - cosbt)
"

- L
"

I §%cs¥) ds }
=# L

- ' LEITH# t ) 's

= -¥ L
- ' l # -¥}

= -¥ ( e
-2T
- e
-t)



VIsecondshiftingpropertyofznversel.TLf fCt-a) Uct -a) } = e-as Fcs)
,
then

L
-I

{ e- Fcs)) = fct -a) UH -a) , where

Ult-a) = f 0 , Oct < a1 , t za

sa
. L

- ' f F -2es t I
= a - a L

-'

L I + L
-'

feI÷ )
= 2 - 2 Ult -M) t ult -217) sin ( t- 217)

the solution can be expressed as a discontinuous tune
.

f- Lt) = f,Ct) + (fact) -f,Ct)) U (t-n) t

(fact) -fzct)) Uct-217)

f, fz f,
fz A

f-Ct) -- 2 t co -2) Uct-ti) t din@-2n) -o) Uct-2x)

tin Ct-217) = tint fs



f- Ct) = { 2 ,
O l t cM

O
,

N L t L 217
first t 22M

33.
L" f 3%2-1 =

3 cos Cart) -lazy sin carat)

=3 cos @rat) - 352 sin (2ft)

34.

L
-' ( Cst)' } =L" f stiffs)

-
- Liste -¥3
-

- fg to + ↳ t
'
-r÷z, t

"'

= I t t -Erna = Itt - lift

so. L
- ' ft sin ft) }
-
- L

-' f 's Cts -YI + -
- - - j

-
- L
" f sh - e - - - -j



-

- ft
'
-

¥3,
t
'

t÷ ,
t
'
- -

-
-

= I z2n- I
n-- i ¥7,5"

"

36 . L
- ' l tan-' CE)} = It L

-' f ¥g .%}
-
- ¥ L

-' legit -- ¥5' lsntiiis.FI
-
- I L" 1*51%1 -

-

'EE
'

4.51¥.us#---fL-1fd2-2st2)-Cs2t2st2)C82-2st2)Cs2t2stz
) }

= -F L
"

{s+¥ -¥+2}
-

-
-¥1

-' {⇐¥, - ¥+11
-

-
-

¥ ( e
-twist - ettint )

-
- t stint sinht



si. L
-' f en( t-AI ) ) -- L" f enCs'-ay - 2 en s }

-
-
-

¥ L
-'

IIIa - 3- I
= -¥ ( 2 cosh at -2)

38 . E' { cot - '(STL) )2

2
-
- tf L

-' I ¥±± . I I -- I I
- '

k¥+27
2

-3t
= e- sin Lt
t

sa . L
" I ¥,I -

-

-I L" I i¥3 -it 2-
' Ideas#D

= ttz sint

yo
.

L
" 1st [ 5¥31 -- ft ftL -' { k¥3 dtdt

-

- ft ft cost + sint dt dt = ft feint - cost at



= ft first - cost t I dt -

- f- cost - tint t t ) !
= - cost t l - tint tt

41
.

L" I ss¥, I -- ft L -' (Ha} dt
= fth sin at dt -- ta ( cos at]! = at ( I - cosat)
42 . L

" I ehI f a UH-u.lk#-uCt-7yCt-I
= Ct - h) UH - u) - ft-7) u Ct - y)

- t -17 --x-t-14

=
of' + II.It '- o) ult - u) t Cts'- Ct - u act-D

f Lt ) = { 0 ,
O C t c 4

t-4 , 4 Ct L 7
3 , t 27

43. L
" 1st - 4¥ +4%1 }
= 3 - 4(U- 1) (t- l) t 4 (U- 37Ct-3)

= 3 + CU-t) (C-htt7) -3) t (U-3) (



=/ :'m. II's
- 5 ,

t23

44
.

L
-' I l -

-
I
-' Iss:#a, I

= I + L- I {÷) = It 3 sinh3T

us. I
" I real
Stl

Fist
= AJIT t GI

s44

Stl = CASTB)Cs't4) t @StD)041)

s = 2i
,

s = i

sit I = (2CitD) C-3) It i = (AitB) (3)
2ItI =

-GCi - 3D
A-= 43 13=1/3

c -- -1/3 D= -43

=L
-'

t.es#n-.cs4IYa1--
f- ( cost + first - coset +izsinzt )



Convolutiontheorem

Definitionofconvolutiontheconvolution of two functions f-Lt) and get) ,
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SolutiontoDifferentialEquationsbyLaplaeetransfor

Procedure

step I: take LT on both sides

step II : convert Lt eq. to an algebraic eq using Lt ofderivatives and boundary conditions

step III : By grouping ,
find yet)

Formulae

L ( y'Ct)} = s FCS) - y lo)
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L L y ''' ft)Y -- S3 Fcs) - saylo) - sy
' lo) - y

'' lo)

L f y'" ' ft)} -a S4 FCS) - s'ylo) - s'y' lo) - sy'' lo) -y'" co)
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,
t 74

f-Ct) = 3 t Uct -4) ( It-5) -3)

taking Lt on both sides

5L{ yttl 's - sylo) - y' lo) + L {yet)) =3 + L LUH
-a) at-871

L{yet)) (s't) - s -

- 3- + 2÷4s
L{ yet)} -- 3- + 2e- is

Scott) g 242+1) SH )

taking inverse LT

yet) -- sftsintdte L - ' fejY¥Y;} + cost
=3 ( I- cost) -host + L

-' f ?II - LIF }



yet) =3 - Quest +duct- U) (t-4) - 2 Ult -u) ( shift-47)

= (3 - Quest) t Ult -4) (at-8--2sin Ct - u) )

Lt -f -2 sin Ct -U) = n- 3 t 2 cost

me at -8 - 28inCt - h) -13 - 2 lost

= at -5 - Quest -28in It -u)

yet, =/
3 -Quest

,
Os tee,

at-5-2cost -28inCt - 4)
,
t 24

56. diff t 3g t zfgtydt -- t , y lo) --O

L ly ' Lt) } t 3L Lyla 's eye Lf yet)}
=

is
SIL yet) ) - o +321g Ct) 's t÷LlyltH -

- iz

LL yet)) (Ets) = ¥x

11 yet)} = ses¥cstD



yet) -- L
" {

scs-zscs.it/scstbcs7z--ATtsF-,-seE1--ACstDCSt2
) t Bls)Cst 2) t e CS) (Stl)

5=0
,

I = 2A ⇒ A = 1/2
s = - l

l = - B ⇒ B -- - I

s = -2 ,

I = 2C ⇒ C-- 1/2

=L
-' l 't -set, t:# I

yet) -- z - e-
t
+ye
't



& 57. ty" - Catt) y' + Sy = t-I , yep , =o
(not sure)

since y' co) not given , we assume y' co) --a

Taking IT ,
o a °

c-n'das ( s- Yes) - sift- y' - a fs Yes) - ypo))
O

+day ( sus) -up e 3 Yes) =3. -is

- ( as Yes) +s
' Y'Cs)) - 2 SYCS) t ( 7157 t s Y

'Cs)) -1344)

=3 -f
y
' Is) C-Ets) t YG) (-25-251-1-13) = ¥ It
-Y'Cs)CDCs- l) t YG) C-4)Cs-l) = II

s2

s y 'CS) t 4 Yes) =L
S2

Y 'Cs) t -4g Y Cs) = gt3
days + P y = Q

IE = et
Pds

= @
SIDS
,
e4lns , s4

yes) s4=1%4 de -- I + e2



yes) -- ÷ tf,

yet) -- L
- ' last t egg)

yet) = at + CI6
58- duty + 9y = cos It , glo)=L , y(th) = -1

Since y
' lo) is notgiven , we assume y

'lol-- a

Taking LT on both sides
,

L ( y
' 'Ct)) t 9L (yet} --#

s'Llyet)} - syco) - y
'
cost 911yet)} = I

544

L Lyft) ) (ska) - s - a = ÷y

LIYA) } =+¢÷a, +¥ +s¥g

Taking inverse,



yet) -- L
- I

ftp.f-C#yy-cos3t +g- sin St
--
FLSD G Cs)

fft) = cos2T

gLt)
-
-Isin 3t

L
- '

f res) a CD) -- ft's cos2u sin Gt-3u) du
=fft sin( 3t- u) t sinCst-su) da
=L ( ios list

-u) +is cos C3t-su))
t

O

= Lg ( cont +¥ cos It - losst -¥ cos 3t)
= f (¥ cosset -¥ cos3t)

=¥ ( cont - cos3t)

yet) = ¥ we3t +¥ lost tag sin31



YLE) -- - I
°

-I = 4M¥ -1¥ lost tag sin 312
-1=-15 - ay ⇒ I -- 37ft ⇒ tf --a

yet) -- queerest -1¥ eoszt thy sin 3k

59. y
'
- y

-
- est

, yco) : 2

LL y ' } - Ily } =L
s -3

sky 's - yeol - Llg) =L
S-3

Ily} ( s- l) =# +2

Ily } -

-⇐¥ + ¥
= 1-

s'-4S -13
+ SIT



= 1- t 2-

(s-2)2- I s-I

taking inverse
,

yet) = ett sink't + Let

-

- e
"

(etat) + set

-
- est -et t set
2 2

-

- est + Eet
2 2

60
. y

"
- by
' -19 y

-
- o

, y 107=2 , y
'107--9

Taking u

silly} - sylo) - y'co) - 6sLfy7t6ylo)t9Lfy3= Lfo)

Lfy? (S2 -Gs -19) - Ls -9+12 = 0

Ily ) (S2-Gs -19) = -3+25=2 (s -3) -13

Lfg3 -- 2

⇒ TIE



Taking inverse

ylt) =

2e3tt3e3tt-a@3tL2t3t76l.y
" ty --ett first , y 107-0 , y7o7=o

Taking LT

sally 's - O - O t Llg 's = 1-
Cs -1232-11

Ily} ( SH) =@D¥
at

L {y}
'
-1-

fct) -- e sont

(841) (Cst2)2+1) guts = tint
- -
Gls) FG)

taking inverse,
t

yet =/ e-
"
since sin Lt -a) du

O

=Lfte-2" (cos u-t) - cost) du



ez gote-Hues Hu - t) -guest fte-24 du
(eg-4-JC-aueshu-ts-aoinhu-tDJ.tn

Sea"cosbn - guest feJ
O

=L(eight-2 cost eatin E)+Hunt -12 sin E) f)
tf cost ( e

-H
- l )

= e-gI csinttcost) + y C-costthist)

62 . y
""
- 16g = 30mist

y
" 107--0

, y
" LTD --O

y
'" lol = - 18 , y

"'LTD =-Ls

Taking LT, a
b

w d
s 't L {y } - By co) - s

'

y ' co) +18 -16143=0



Ily } ( S4-16) = Bats
-b - 18

Ily}
=

u,
+I - is
@2-4) Cska) @2-a) Cath?

11g} =s39_ -is
$44)Cs-2) Cst2)

+ 6444¥76 -12) (54436-44+2)
-→ to

⑤
s3a = LASTB) Cs-2) (H2) t Ccs-127644) t DCs

'

-1430-2)

8=2

Ha -- 44348) ⇒ c-- aft

8=-2

a =D Ctu) ⇒ D= att

s -- Li

Xia -- Hai-11331-4/-4)
ia -- LAI TB ⇒ A- 42 , B -- o

-
- t.at#-safI



④

Fb = LASTB) Cs-2) Cst2) t Ccs-127644) t DCS'tDCS -2)

s -- 2

4lb -- c 8) ⇒ c= 48

S = -2

4lb = DC8) C-X) ⇒ D= -48

s --Li

tub = (2AitB) ⇒ 13=42 , A -- O

'SIT + It +HI
S-12

④
- 18 = LASTB) Cs-2) Cst2) t Ccs-127644) t DCS'tDCS -2)

s = 2 a

-9kg -- C (8) ⇒ c= -9/16

S = -2

1-IS = Dl 8) Ctu) ⇒ D= 9/16



S-- Zi
,

-18 = C-8) (2AitB) ⇒ A=O
,
B = -9/4

-
- guy + -9/16--1 Is

S -2 St2

Taking inverse ,

yet) : za cost t Aq e
't tauetttbz .I sin set
+ bye
"

zest
+ 9T -Iz sin 2T -q e

't

tfett

= e
't fbgeaq -9-)16


